MATH 512, SPRING 17
HOMEWORK 1, DUE WED FEBRUARY 1

Problem 1. A measure U on k is normal iff the diagonal function d(a) = «
for a < K is the least function f (with respect to <y ) with the property that

for every f < k, {a| f(a) > B} €U

Problem 2. Suppose D is a normal measure on k and f : [k]<Y — K is such
that for all x, f(x) =0 or f(z) < minxz. Then there is H € D homogeneous
for f, i.e. for allm, f is constant on [H]".

Problem 3. (1) Show that {a < wa | cf(a) = w} reflects.
(2) Show that {o < wa | cf(a) = w1} does not reflect. In general, show
that for any regular cardinal k, {o < Kkt | cf(a) = K} does not
reflect.

Problem 4. The principle diamond ¢ states that there is a sequence (Aq |
a < wy), such that each Ay C « and for every set A C wy, the set {o < wy |
ANa = A,} is stationary. Show that o implies CH.

Recall that a cardinal k is weakly compact iff x is II}-indescribable.
Problem 5. Suppose k is weakly compact. Show that Refl(k) holds.
Problem 6. Suppose k is weakly compact. Show that k is Mahlo

Problem 7. Suppose that U is a nonprincipal k-complete ultrafilter on k.
Let M = Ult(U,V) and j = juy be the canonical elementary embedding of V
to M. Show that:
(1) U¢ M.
(2) P(r) =P (k) and |j(r)|" = 2".
(3) If X is singular with cf(X\) = k, then j(X) > sup,.y j(a).
(4) If X\ is singular with cf(\) # K, then j(A\) = sup,«y j(@).
(5) If A is a strong limit cardinal, with cf(\) # k, then j(A) = A.

Problem 8. If k is measurable and GCH holds below x (i.e. 27 = 7T for
every T < k), then it holds at k i.e. 2 = k™.

Problem 9. Let kK < X\ be uncountable cardinals.

(1) Show that A = {x € Px(\) | kNx € K} is club in Py(N). For every
x € A, denote Ky := x N K.

(2) Suppose that C is a club in P(X\), such that C C A, where A is the
set above. Show that {ky | © € C} is club in k.

Problem 10. Let k < A be uncountable cardinals, and suppose that k is
A-supercompact. Show that k is measurable.
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